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Abstract
Given two combinatorial identities proved earlier, a new set of variations of
these combinatorial identities is listed and proved with the integral representa-
tion method. Some identities from literature are shown to be special cases of
these new identities.
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1 Two Combinatorial Identities
In an earlier paper [9], the following two combinatorial identities were proved:
n∑
k=0
(
a
k
)(
b
n− k
)(
k
c
)(
n− k
d
)
=
(
a + b− c− d
n− c− d
)(
a
c
)(
b
d
)
(1.1)
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In this paper a list of identities that are variations of these two identities is provided,
and it is shown how they are proved with the integral representation method.
2 A Set of New Combinatorial Identities
The following are variations of the first identity (1.1):
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The following are variations of the second identity (1.2):
a+p∑
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3 Proof of the New Combinatorial Identities
The new combinatorial identities listed above can all be proved with the integral
representation method [2, 3]. Two of these identities are proved below, and the other
identities have similar proofs.
For identity (2.1), applying the trinomial revision identity [6, 7, 8], the left side of the
identity simplifies to:
n∑
k=0
(
a
k − p
)(
k
c
)(
b− d
n− d− k
)
(3.1)
2
Using the integral representation method [2, 3], this becomes:
∞∑
k=0
Resx
(1 + x)a
xk−p+1
Resy
(1 + y)k
yc+1
Resz
(1 + z)b−d
zn−d−k+1
= ResxResyResz
(1 + x)a(1 + z)b−d
x−p+1yc+1zn−d−1
∞∑
k=0
(
(1 + y)z
x
)k
= ResyReszResx
(1 + x)a(1 + z)b−dxp
yc+1zn−d+1(x− (1 + y)z)
= ResyResz
(1 + (1 + y)z)a(1 + y)p(1 + z)b−d
yc+1zn−d−p+1
(3.2)
Now the following is used:
(1 + (1 + y)z)a = ((1 + z) + yz)a =
a∑
k=0
(
a
k
)
(1 + z)k(yz)a−k (3.3)
Collecting the residues, the following expression results:
a∑
k=0
(
a
k
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p
c− a + k
)(
b− d + k
n− d− p− a + k
)
=
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k=0
(
a
k
)(
p
c− a + k
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b− d + k
a + b + p− n
) (3.4)
This expression is recognized as (1.2) with c = 0 provided that m = c − a = b − d,
or equivalently a = c + d − b. The parameters of (1.2) thus become a ← c + d − b,
b ← p, c ← 0, d ← c + d + p − n and m ← b − d, and substituting these parameters
in the right side of (1.2) gives the result.
For identity (2.2), applying the trinomial revision identity [6, 7, 8], the left side of the
identity simplifies to:
n∑
k=0
(
a− c
k − c
)(
b
p + k
)(
n− k
d
)
(3.5)
Using the integral representation method [2, 3], this becomes:
∞∑
k=0
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(1 + x)a−c
xk−c+1
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(1 + y)b
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(1 + z)n−k
zd+1
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(
1
xy(1 + z)
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ya+p+1zd+1
(3.6)
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Now the following is used:
(1 + y(1 + z))a−c = ((1 + y) + yz)a−c =
a−c∑
k=0
(
a− c
k
)
(1 + y)k(yz)a−c−k (3.7)
Collecting the residues, the following expression results:
a−c∑
k=0
(
a− c
k
)(
b + k
c + p + k
)(
n− a
c + d− a + k
)
=
a−c∑
k=0
(
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k
)(
b + k
b− c− p
)(
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c + d− a + k
) (3.8)
This expression is recognized as (1.2) with c = 0 provided that m = b = c + d − a.
The parameters of (1.2) thus become a← a− c, b← n− a, c← 0, d← d− p− a and
m← c + d− a, and substituting these parameters in the right side of (1.2) gives the
result.
4 Some Identities from Literature
Some identities from literature are special cases of the identities above.
T.S. Nanjundiah gave the following two identities [1, 4, 10, 11]:
a∑
k=0
(
a
k
)(
b
k
)(
p + k
a + b
)
=
(
p
a
)(
p
b
)
(4.1)
n∑
k=0
(
m− x + y
k
)(
n + x− y
n− k
)(
x + k
m + n
)
=
(
x
m
)(
y
n
)
(4.2)
The first equation is equation (2.11) with m = d = 0, and the second equation is
equation (2.4) with a = m− x + y, b = n + x− y, d = 0 and p = x.
M.T.L. Bizley gave the following two identities [1, 4]:
a∑
k=0
(
a
k
)(
b
k − d
)(
p + k
a + b
)
=
(
p
a− d
)(
p + d
b + d
)
(4.3)
n∑
k=0
(
a
k
)(
b
n− k
)(
p + k
a + b
)
=
(
p
a + b− n
)(
p− b + n
n
)
(4.4)
The first equation is equation (2.9) with c = 0, d = a + b, m = p and p = −d, and
the second equation is equation (2.4) with d = 0.
H.W. Gould gave the following identity [4]:
a∑
k=0
(
a
k
)(
b
k
)(
a + b + x + k
a + b
)
=
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a + b + x
a
)(
a + b + x
b
)
(4.5)
4
This equation is equation (2.11) with m = d = 0 and p = a + b + x.
J. Sura´nyi gave the following identity [4, 11, 12]:
a∑
k=0
(
a
k
)(
b
k
)(
a + b + x− k
a + b
)
=
(
x + a
a
)(
x + b
b
)
(4.6)
This equation is equation (2.12) with m = d = 0 and p = a + b + x.
L. Taka´cs gave the following identity [12, 14]:
n∑
k=0
(
a
k
)(
m− a
n− k
)(
p + k
m
)
=
(
p
m− n
)(
n + a + p−m
n
)
(4.7)
This equation is equation (2.4) with b = m− a and d = 0.
J. Riordan gave the following identity [4]:
n∑
k=0
(
n
k
)(
m
n− k
)(
x + n− k
n + m
)
=
(
x
m
)(
x
n
)
(4.8)
This equation is equation (2.5) with a = n, b = m, d = 0 and p = x + n.
R.P. Stanley gave the following two identities [4, 5, 13]:
a∑
k=0
(
p + q + k
k
)(
p
a− k
)(
q
b− k
)
=
(
p + b
a
)(
q + a
b
)
(4.9)
a∑
k=0
(−1)k
(
p + q + 1
k
)(
p + a− k
p
)(
q + b− k
q
)
=
(
p + a− b
a
)(
q + b− a
b
)
(4.10)
These two identities can be shown to be equivalent to (2.5) with d = 0 using the
following two symmetry identities [6, 7, 8]:(
n
k
)
= (−1)k
(−n + k − 1
k
)
= (−1)n−k
(−k − 1
n− k
)
(4.11)
In the first identity, applying the first symmetry identity to the first and third binomial
coefficients on the left and to the second binomial coefficient on the right, and then
replacing q by −q − 1, results in the following identity:
a∑
k=0
(
q − p
k
)(
p
a− k
)(
q + b− k
q
)
=
(
p + b
a
)(
q + b− a
b
)
(4.12)
When q < p, interchanging p with q and a with b, which does not change Stanley’s
identities, makes q > p. This equation is equation (2.5) with a← q−p, b← p, d← 0,
n← a and p← q + b.
In the second identity, applying the second symmetry identity to the second binomial
coefficient on the left and the first symmetry identity to the first binomial coefficient
on the right, and then replacing p with −p− 1, results in the same identity.
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